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The non–zero value of Planck constant h underlies the emergence of several inequalities that
must be satisfied in the quantum realm, the most prominent one being the Heisenberg Uncertainty
Principle. Among these inequalities, the Bekenstein bound provides a universal limit on the entropy
that can be contained in a localized quantum system of given size and total energy. In this letter, we
explore how the Bekenstein bound is affected when the Heisenberg uncertainty relation is deformed
so as to accommodate gravitational effects at the Planck scale (Generalized Uncertainty Principle).
By resorting to very general arguments, we derive in this way a “generalized Bekenstein bound”.
Physical implications of this result are discussed for both cases of positive and negative values of
the deformation parameter.
To the cherished memory of Jacob Bekenstein
I. INTRODUCTION
In 1981 Jacob Bekenstein proposed a universal upper
bound on the entropy S of a localized quantum system [1]
S ≤ 2pikBRE
~c
, (1)
where E is the total energy of the system and R =√
A/4pi its circumferential radius, with A being the area
of the enclosing surface. Clearly, for ~ → 0, one obtains
S ≤ ∞, which tells us that, classically speaking, the
entropy of a system is unbounded from above. The re-
sult (1) was the last offspring of a revolutionary decade of
investigation, which started with the puzzling proposal of
Bekenstein himself about the entropy of a black hole [2],
then the formulation of black hole thermodynamics [3],
and culminated with the renowned discovery of Hawking
thermal radiation [4].
A key assumption in Bekenstein’s derivation of the
bound is that the gravitational self–interaction of the sys-
tem can be neglected. Indeed, Eq. (1) does not contain
the Newton constant GN , even though it was obtained
in regimes of strong gravity with gedanken experiments
involving black holes. Remarkably, the inequality is ex-
actly saturated by Schwarzschild black holes, whose en-
tropy is given by S = kBAH/(2`p)
2, where AH denotes
the horizon area and `p =
√
~GN/c3 the Planck length.
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Although many arguments [5] have been suggested to
support the validity of Eq. (1), also several counterexam-
ples have been brought forward at the same time [6]. Fur-
ther years of intuitions and studies have then led to the
formulation of the well-known Holographic Principle [7–
9], the Covariant [10] and Causal [11] Entropy Bounds,
and finally to the rigorous quantum field theoretical proof
of the Bekenstein bound in flat spacetime [12]. For a
general influence of the ideas of Bekenstein on quantum
information theory, we remand the reader to Refs. [13–
15]. Connections of various entropy bounds with cosmol-
ogy [11, 16–19], perturbative unitarity [20] and the Pauli
principle [21] have also been addressed with non-trivial
results.
In the last four decades, predictions from string theory,
loop quantum gravity, deformed special relativity, non-
commutative geometry and black hole physics [22–33]
have converged on a feasible generalization of the Heisen-
berg Uncertainty Principle (HUP), which is expected to
simultaneously account for quantum and gravitational ef-
fects at Planck scale. In this framework, the standard un-
certainty relation for a quantum system should be mod-
ified as follows
∆x∆p ≥ ~
2
[
1 + β
(
∆p
mpc
)2]
, (2)
where ∆x and ∆p are the position and momentum un-
certainties of the system, respectively, mp = ~/`pc is the
Planck mass and β the so called deformation parameter,
which is considered to be of order unity in most of quan-
tum gravity models [34]. The inequality (2) is commonly
known as Generalized Uncertainty Principle (GUP). One
of its most important consequences is the prediction of
a minimum observable length ∆x ∼ √β`p, occurring for
β > 0 [24, 25]. However, scenarios with β < 0 have also
been extensively discussed [35–37], along with various re-
markable consequences of this assumption.
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2Let us remark that the Bekenstein bound has been rig-
orously proved by assuming standard principles of quan-
tum mechanics and quantum field theory in flat space-
time [12]. In this letter, we are interested in understand-
ing how such an entropy bound is affected when the HUP
is replaced by the GUP in Eq. (2). To this aim, first we
show how the Bekenstein inequality (1) can be directly
connected to the HUP on the basis of general thermody-
namic arguments. The present derivation, being elemen-
tary and based on first principles, should make it clear
why the Bekenstein bound has such a wide range of va-
lidity. The obtained result is then generalized to the con-
text of GUP, leading to a generalized Bekenstein bound
which by construction takes into account also quantum
gravitational effects. Physical implications are finally in-
vestigated for both positive and negative values of the
deformation parameter β, highlighting the different pre-
dictions of the two settings.
The work is structured as follows: in Sec. II we dis-
cuss the connection between the HUP and the Beken-
stein inequality (1). In Sec. III the above considerations
are extended to the GUP framework. Conclusions and
outlooks are summarized in Sec. IV.
II. BEKENSTEIN BOUND AND HUP
Let us consider an isolated quantum system localized
inside a finite region of circumferential radius R. From
the basics of thermodynamics, it follows that if the rela-
tion between the energy E, the entropy S and the volume
V of the system is known, then its temperature T can be
easily calculated as follows
1
T
=
(
∂S
∂E
)
V
. (3)
Note that, in order to keep our analysis as general as pos-
sible, we are not imposing any restriction on the nature of
either the system under consideration or its elementary
constituents. Henceforth, the sole assumptions underly-
ing our analysis are:
1. On average, the energy µ of each component of the
system is approximately given by
µ ' kB T , (4)
according to the equipartition theorem.
2. The system is weakly-interacting, therefore we can
assume that the energy µ satisfies in good approx-
imation the dispersion relation
µ '
√
p2c2 +m2c4 , (5)
where m and p are the mass and momentum of the
single constituent, respectively.
3. The momentum p satisfies the de Broglie relation
p =
~
λ
, (6)
where λ denotes the corresponding wavelength.
Note that the third condition only makes sense for in-
trinsically quantum particles. From Eq. (6), it is a simple
text-book exercise to derive the Heisenberg relation be-
tween the momentum and position uncertainties. This is
a crucial point in the present analysis, since Eq. (6) pro-
vides the springboard for the extension of the Bekenstein
result to the GUP framework.
From the above prescriptions, we can now estimate the
energy kB T as
kBT '
√
p2c2 +m2c4 ≥ pc = ~c
λ
. (7)
Given that our system is completely localized inside a
volume of radius R, the inequality λ . 2R holds true, so
that from Eqs. (3) and (7) we obtain
∂S
∂E
=
1
T
. kBλ
~c
. 2kBR
~c
, (8)
where it is understood that the derivative is taken at
constant volume.
In general, R and E can be regarded as independent
variables, therefore we can easily integrate the above re-
lation with the condition that S(E = 0) = 0, obtaining
S . 2αkBRE
~c
, (9)
where we have inserted a “calibration factor” α in or-
der to account for all the approximations performed so
far. Note that this factor cannot be exactly fixed by
our thermodynamic argument. However, in analogy with
the derivation of the modified Hawking temperature in
Ref. [27], it can be fixed a posteriori by requiring that the
generalized entropy bound obtained in the GUP frame-
work recovers the Bekenstein limit (1) for a vanishing
deformation parameter β (see Sec. III). This occurs for
α = pi.
Remarkably, the above considerations and the ensu-
ing bound (9) also encompass the case in which R and
E are related via an equation of state. In fact, for a
general and physically plausible radius-energy relation of
the form R = R(E), with R(E) being a monotonically
non-decreasing function of E, one can prove that the in-
equality (9) is still satisfied (see Appendix for the proof).
Let us also mention that the Bekenstein bound can
be saturated for a system composed by soft quanta,
i.e., of wavelength λ ∼ 2R. According to the corpus-
cular models [38, 39], this can represent the case of a
black hole whose constituents are soft gravitons of en-
ergy µ ∼ ~c/λ ∼ ~c/Rs, with Rs = 2GNM/c2 being the
Schwarzschild radius.
Before turning to the calculation of GUP corrections,
we stress that our result (9) has been derived by relying
3on quite general hypothesis. Furthermore, we have made
no explicit reference to the particular behavior of the
entropy as a function of the energy and/or the number
of the elementary constituents. Similar attempts to trace
the Bekenstein bound back to the HUP can be found in
Refs. [40, 41].
It is worth mentioning that the inverse implication,
i.e., a derivation of the HUP from the Bekenstein bound,
can also be achieved, as outlined in Ref. [42]. In a nut-
shell, let us consider a particle of rest mass m described
by a wave-packet of spatial size R, and suppose it is
marginally relativistic, namely p ' E/c. For that parti-
cle, the inequality (1) can be recast as
Rp ≥ ~
2
S
pikB
& ~
2
, (10)
which applies to any system for which S & O(kB).1 Of
course, the above inequality holds up to a calibration
factor which again results equal to pi, but that cannot be
determined with this heuristic approach.
Now, since the direction of motion of our particle is
unknown a priori, we can safely suppose ∆px ' p, and
of course ∆x ' R, as for the uncertainty on its position.
Therefore the Bekenstein inequality (10) can be read as
∆x∆px &
~
2
, (11)
which is the standard HUP for the particle in ques-
tion. Note that a similar derivation could in principle
be extended to systems made of different particle species
too [42]. Therefore, together with the implication previ-
ously shown, the latter argument establishes a one-to-one
correspondence between the Bekenstein bound and the
Heisenberg Uncertainty Principle.
III. GENERALIZED BEKENSTEIN BOUND
Let us now extend the previous considerations to the
case in which the underlying theory is built upon the
GUP (2). In particular, we wonder how the inequal-
ity (9) would appear when taking into account gravity
effects at Planck scale via the GUP. Clearly, in order to
consistently generalize calculations, we need to revise the
de Broglie relation in Eq. (6).
In the same fashion as the HUP is in one–to–one cor-
respondence with the de Broglie relation, it is reasonable
to expect that the GUP is consistent with a gravitation-
ally modified de Broglie equation. This issue has been
considered in Ref. [23] and in particular in [43], where
1 For instance, an electron can be in two possible states (spin
up and spin down) and therefore its entropy is given by S =
kB log 2 ∼ O(kB).
the author obtained a generalized wave-particle duality
relation of the form
λ ' ~
p
[
1 + β
(
p
mpc
)2]
. (12)
Note that a similar expression is encountered when using
the GUP in the astrophysical regime, where it gives rise
to the so-called “GUP stars” [44].
Equation (12) provides the starting point of our next
analysis. By solving it with respect to the momentum p,
we readily obtain
p ' ~λ
2β`2p
1±
√
1− 4β
(
`p
λ
)2 . (13)
This reduces to the standard de Broglie relation (6) in the
limit β`p/λ → 0 if the negative sign is chosen, whereas
the positive sign has no evident physical meaning. Thus,
in what follows we only work with the solution corre-
sponding to the minus sign.
We now have all the necessary ingredients to derive a
generalized Bekenstein bound. Hence, by following the
same reasoning as in Sec. II, we assume that the energy
of each quantum constituent is given by µ ' kBT & pc
and that the system is well-localized inside a radius R,
i.e., λ . 2R. Thus, the analogue of Eq. (8) is given by
∂S
∂E
=
1
T
.
kB β `
2
p
~Rc
[
1−
√
1− β `
2
p
R2
]−1
, (14)
where we have exploited the fact that the r.h.s. of
Eq. (13) is a monotonically decreasing function of λ.
Note that Eq. (14) consistently reduces to Eq. (8) in the
limit β`2p/R
2 → 0.
In what follows, we discuss separately the two cases of
β > 0 and β < 0.
A. Case β > 0
For positive values of the deformation parameter, the
momentum p in Eq. (13) is not complex and unphysical
only when λ ≥ 2`p
√
β, the minimal size allowed by the
GUP. We can now integrate Eq. (14) under the general
assumption that R is independent of E, and the usual
condition S(E = 0) = 0, thus we obtain
S .
αkB β `
2
pE
~Rc
[
1−
√
1− β `
2
p
R2
]−1
, (15)
that represents the generalized Bekenstein inequality in
the case of β > 0. Once again, we see that the obtained
bound is determined up to a factor α which can be set
by requiring that Eq. (1) is recovered in the limit of van-
ishing β, and a direct comparison yields α = pi. Further-
more, as in the HUP framework, Eq. (15) still holds true
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FIG. 1: Behavior of the upper bound Smax as a function of the
scaled radius R/`p for β = 0 (blue solid line), β = 1 (orange
dashed line) and β = −1 (red dot-dashed line). We have set
~c/(2piEkB `p) = 1. As expected, the discrepancy between
the three plots narrows as R/`p increases.
for any monotonic non-decreasing radius-energy relation
R = R(E).
If we now expand the square root to the next-to-leading
order in β`p/R 1, Eq. (15) yields
S ≤ 2pikBRE
~c
[
1− β
4
(
`p
R
)2]
, (16)
where we have inserted the exact numerical factor α = pi.
The above relation provides us with the effective expres-
sion of the generalized Bekenstein limit in the presently
accessible regime, which is far above the Planck scale (we
are assuming β ∼ O(1)).
The behavior of the generalized Bekenstein bound (15)
as a function of the radius R is shown in Fig. 1 (orange
dashed line). Note that the plot stops at R ∼ `p (we
choose β = 1 for simplicity), consistently with the emer-
gence of a minimal length at this scale. We point out
that the GUP correction for β > 0 lowers the standard
Bekenstein limit, thus giving rise to a more stringent con-
dition on the entropy which can be stored in a system of
given size and total energy. Consequently, one may then
suspect that Schwarzschild black holes would violate the
generalized bound. However, this is not true, due to the
fact that deformations of the HUP (2) affect not only
the Bekenstein bound, but also the black hole entropy.
Indeed, if one considers the GUP-modified expression of
the black hole entropy [27], it is straightforward to check
that it is still consistent with our bound.
Therefore, from Eqs. (15)-(16), it follows that if a sys-
tem satisfies the generalized Bekenstein bound, it auto-
matically complies with the standard Bekenstein bound
too. In a broader sense, such a result is in line with
physical intuition. Indeed, it is expected that the ex-
istence of a minimal length can reduce the number of
microstates within a definite volume, thus decreasing the
total amount of information associated with a system of
given size. In other words, if there is no minimum length,
then one can divide the volume more finely, thus allowing
for higher entropy. We mention that the same result as
in Eq. (15) has been obtained in Ref. [41] by following a
different approach. Furthermore, a similar reduction of
the Bekenstein bound has been found in Ref. [45] in the
context of local quantum field theory with a Generalized
Uncertainty Principle. Clearly, for radii R far above the
Planck scale, GUP effects become increasingly negligi-
ble, and in fact the generalized and standard Bekenstein
limits tend to coincide.
B. Case β < 0
Let us now consider the case of negative deformation
parameter, β < 0 (which means β = −|β|). In this frame-
work there is no minimal size allowed by the GUP, as it
can be seen from Eq. (2). Besides this caveat, whose im-
plications are discussed below, calculations and general
concepts are the same as in the previous analysis.
By integrating Eq. (14) with the generic assumption
of R independent from E, we obtain the following upper
bound on the entropy
S .
αkB |β| `2pE
~Rc
[√
1 + |β| `
2
p
R2
− 1
]−1
. (17)
As before, we set α = pi by requiring consistency with
Eq. (1) for β → 0. Again, inequality (17) is still true for
any relation R = R(E) obeying the very plausible prop-
erty of being monotonic non-decreasing in E. The plot
of the new GUP-corrected Bekenstein bound is shown
in Fig. 1 (red dot-dashed line). For radii R such that
|β|`p/R  1, the above expression can be expanded to
the next-to-leading order in β, obtaining
S ≤ 2pikBRE
~c
[
1 +
|β|
4
(
`p
R
)2]
. (18)
which is consistent with Eq. (16) with the sign of β re-
versed. On the other hand, the usual Bekenstein limit is
recovered at the leading order for R  `p, as it should
be.
Now, from a comparison with the β > 0 model, we can
draw very interesting considerations. Indeed, by looking
at Eq. (18), we immediately notice a striking physical im-
plication: because of the positive sign in front of the GUP
correction, the generalized Bekenstein bound with β < 0
allows the entropy S of a system to exceed the upper
limit predicted by Bekenstein. Of course, this violation
is suppressed as (`p/R)
2, so that any experimental test
appears to be problematic, at least at present. However,
we emphasize that such an exotic behavior is not sur-
prising, if we think that HUP itself can be violated for
negative values of the deformation parameter. Indeed,
from Eq. (2), it is clear that, for ∆p ∼ mpc and β < 0,
we can have ∆x∆p ≥ 0, which is typical of a classical
5regime. As a matter of fact, the possibility of a quantum-
to-classical throwback at Planck scale has been explored
in literature, e.g., by considering ~ as a dynamical field
that vanishes in the Planckian limit [46, 47]. Moreover,
the scenario in which the universe at Planck energies ap-
pears to be deterministic rather than being dominated by
quantum fluctuations is the vision at the core of ‘t Hooft’s
“deterministic” quantum mechanics [48–52]. In terms of
momentum and wavelength, this means that the quan-
tum wave-packet of an object with momentum p ' mpc
can be maximally localized, i.e., λ ' 0, consistently with
the fact that a GUP with β < 0 does not predict any
minimal length [35].
Finally, in connection with the possibility of accessing
arbitrarily short distances in the case of β < 0, let us
observe that the upper bound in Eq. (17) converges to
pikB
√|β|E`p/(~c) for R → 0. This would imply that a
small - but finite - amount of entropy/information may
be packed in a region of whatever small size, contrary
to intuitive expectations. However, we point out that
such a result (the non-zero value of the entropy for sys-
tems of vanishing size) is most likely just a signal that
we are trying to extrapolate our considerations outside
their domain of validity. It is actually evident that, for
R = 0, the energy of the system cannot but be zero. This
means that S(R = 0) = S(E = 0) = 0, according to the
normalization we have adopted. Moreover, as shown in
Ref. [35], the GUP with β < 0 seems to be connected
with a reticular structure of the spacetime, which would
make in any case the limit R → 0 essentially meaning-
less. Surely the above aspects deserve deeper attention
and will be better investigated elsewhere.
IV. CONCLUDING REMARKS
In this letter we have presented arguments in favour
of a one-to-one correspondence between the Heisenberg
Uncertainty Principle and the Bekenstein bound on the
entropy of a localized system with a given size and total
energy. Such a result has paved the way for the gener-
alization of the Bekenstein inequality at Planck scale,
where both quantum and gravitational effects are ex-
pected to come into play. In particular, we have proved
that, if the underlying theory has a Generalized Uncer-
tainty Principle built in, then the Bekenstein bound turns
out to be non-trivially modified; corrections have been
computed in both cases of positive and negative values
of the deformation parameter, see Eqs. (16) and (18),
paying great attention to the issue of the minimal length
emerging when β > 0. To the best of our knowledge, this
is the first concrete attempt towards a derivation of an
upper bound on the entropy that takes into account both
quantum and gravitational effects, going beyond the flat-
space proof based on standard quantum field theory with
canonical commutation relations [12].
Apart from its intrinsic relevance, we point out that
the obtained result finds applications in several other con-
texts. For instance, it may have significant implications
on the holographic bound [7–10]. In fact, by assuming the
absence of gravitational instability, or in other words that
the size of the system R is larger than the corresponding
gravitational radius, Eq. (16) leads to a generalization of
the holographic bound, with potential connections to the
world of quantum information theory (see Refs. [14, 15]).
Finally, we expect that the inequality (16), once prop-
erly extended to black hole physics, would allow us
to establish a link with the theory of black hole rem-
nants [53, 54]. According to the standard Hawking the-
ory, which is based on the HUP, the evaporation pro-
cess of a black hole continues until the whole mass is
converted into photons, gravitons, and heavier parti-
cles. The final temperature reached by this process could
be, in principle, infinite. On the other hand, the GUP
model with β > 0 predicts that a black hole should stop
shrinking when its mass is around M ∼ mp (assuming
β ∼ O(1)), at a finite temperature, and therefore leav-
ing a thermodynamically inert object called ”remnant”
behind, which interacts with the environment only gravi-
tationally through its mass–energy. Remnants have been
thought to be good candidates to model dark matter [55]
and could also play an important roˆle in the resolution of
the information loss paradox (see, for instance, Ref. [54]
and therein). This and further aspects are presently un-
der active investigation.
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Appendix
Let R(ε) and g(R) be two positive, monotonically
non-decreasing functions of ε (with 0 ≤ ε ≤ E) and
R, respectively. By introducing the partial derivative
S′(ε) := ∂S/∂ε, the inequalities (8) and (14) can be writ-
ten in the following compact form
S′(ε) . g(R(ε)) . (19)
We can now integrate the above inequality with the usual
condition S(ε = 0) = 0 and obtain
S(E) =
∫ E
0
dε S′(ε) .
∫ E
0
dε g(R(ε)) ≤ E g(R(E)) ,
(20)
where we used the fact that also g(R(ε)) is a monotoni-
cally non-decreasing function of ε as it is a composition
of two monotonically non-decreasing functions. There-
fore, we proved that S(E) . E g(R(E)), which resumes
the inequalities (9), (15), (17).
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